The present paper is a survey of the author's recent results on recognizing C r right-left equivalence of C ∞ map-germs (0 ≤ r ≤ ∞).
We say two C ∞ map-germs are C r right-left equivalent if they coincide under germs of appropriate C r co-ordinate systems of the source space and the target space, where a C 0 co-ordinate system means a co-ordinate system given by a homeomorphism. We often encounter the situations where we would like to decide whether or not given two map-germs are C r right-left equivalent. In the case that one of them is of full rank (resp. linear), the implicit function theorem (resp. the rank theorem) answers our purpose (possibly except for r = 0). However, how can we decide in general case? By using a simple systematic method explained in Section 4, we can obtain many results to the problem. In Section 1, we give a series of criteria for C r right-left equivalence of C ∞ map-germs (1 ≤ r ≤ ∞). In Section 2, infinitesimal refinements of criteria for C ∞ rightleft equivalence of C ∞ map-germs are given. Next, we consider C 0 right-left equivalence. In Section 3, we give a series of criteria for C 0 right-left equivalence of K-equivalent map-germs. All of the results are derived from one simple idea, which is the key of our systematic method and explained exhaustively in Section 4. In Section 5 we give several applications of our results, which show how useful our method is.
The results for r = ∞ are all valid both in the real analytic category and in the complex analytic category as well.
Criteria for
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, we consider the following conditions (i r ), (ii r ), (iii r ) and (iv r ).
(i r ) The map-germ f is C r right-left equivalent to g.
such that the following (a) and (b) are satisfied:
and the following (c) are satisfied:
, (b) of condition (ii r ) and the following (d) are satisfied:
, where H is the germ of C r diffeomorphism of (R p × R p , 0) given in the above commutative diagram ( * ) with k, Φ replaced by p, F .
First, we consider rank zero cases.
Next, we consider positive rank cases.
where E 2 is the unit 2 by 2 matrix. Then
It is well known that any C ∞ deformation-germ of the map-germ f is C ∞ -trivial. Thus, (ii ∞ ) is satisfied. However, for any 1 ≤ r ≤ ∞ condition (i r ) does not hold (in fact, f and g are even not topologically right-left equivalent).
This example shows that condition (ii r ) does not necessarily imply condition (i r ) in positive rank cases. Nevertheless, the following holds under no assumptions.
Although Theorem 1.2 is interesting in itself, we prefer the C r triviality of the linearly parametrized deformation-germ of only one of f or g to those of both of f and g. Thus, we are led to condition (iv r ).
In the case r = ∞, we have
, the following hold:
Therefore, we may answer the C ∞ recognition problem completely by using our conditions in principle.
Infinitesimal refinements of criteria for C
∞ right-left equivalence. First, we review infinitesimal notations briefly. For details on them, see [9] , [14] , [15] , [21] .
Let E n (resp. m n ) denote the set of C ∞ function-germs (R n , 0) → R (resp. (R n , 0) → (R, 0)). The set E n has a natural R-algebra structure and the set m n is the unique maximal ideal in E n . For any positive integer , m n means the -times product of m n .
By using the standard identification of T (R p ) with R p × R p , θ(f ) may be identified with the free E n -module with p-generators. When the given f is the identity map-germ (
By using tf and wf , we define
and
Although there are no proofs of Theorem 2.1 in a series of author's papers [13] - [18] , by the proof of Theorem 2.2 below it is clear that conditions (a) and (b) of Theorem 2.1 imply the C ∞ -triviality of f (x) − M (x)λ. Thus, Theorem 2.1 follows from Theorem 1.1.
Theorem 2.2 ([14]). Let f, g : (R
n , 0) → (R p , 0) be C ∞ map-germs. Suppose that there exist a germ of C ∞ diffeomorphism s : (R n , 0) → (R n , 0) and a C ∞ map-germ M : (R n , 0) → GL(p, R), M (0) such that f (x) = M (x)g(s(x)). Suppose furthermore that there exists an integer k (k ≥ 0) such that (a) each entry of M − M (0) belongs to m k+1 n , (b) m k n θ(f ) ⊂ T e A(f ) and (c) m k n θ(g) ⊂ T e A(g). Then f and g are C ∞ right-left equivalent.
Theorem 2.2 was stated (but not proved) first by A. A. du Plessis ([19], page 128). Conditions (a) and (b) (resp. (a) and (c)) of Theorem 2.2 imply the C
∞ -triviality of f (x)−M (x)λ (resp. g(x)−M (s −1 (x)) −1 λ). Thus, Theorem 2.2 follows from Theorem 1.2 (for details, see [14] ).
Theorem 2.3 ([14]). Let f, g : (R
). Suppose furthermore that there exists a positive integer k such that Conditions (a) and (b) imply condition (iv ∞ ). Thus Theorem 2.3 follows from Theorem 1.3 (for details, see [14] ). Although we can deduce infinitesimal results from Theorem 1.3 in a different way, Theorem 2.3 is the most standard infinitesimal refinement of Theorem 1.3 and quite useful as shown in the following examples and §5.3.
Example 2.1 (taken from [12] ). This example is almost the same as Example 1.1 in [14] . Let f : (R 2 , 0) → (R 3 , 0) be given by Example 2.2 (taken from [6] ). Let f : (R 2 , 0) → (R 3 , 0) be given by
Thanks to T. Gaffney and A. A. du Plessis, the following has been known as one of information on f ( [6] , Example (3.6)):
. Combining this result with direct co-ordinate manipulations yields the same M -determinacy result as in Example (3.6) of [6] . Note that the only information which we require is (2.2.1).
Criteria for
of f is said to be Thom trivial (resp. transversely Thom trivial ) if there exist C-regular stratifications in the sense of Bekka (
and {R k } of R k such that the following (T1) and (T2) (resp. (T1), (T2) and (T3)) hold:
is a Thom map-germ with respect to S and T . (T2) The map-germ
is a stratified map-germ (or equivalently in this case, a Thom map-germ) with respect to T and {R k }.
(T3) The stratum T 0 of T , which contains the origin (0, 0) of
Here π :
For the definition of a C-regular stratification, see [2] . We remark that the notion of a C-regular stratification is an extended one of a Whitney stratification and it is known that every C-regular stratification admits a controlled tube system ( [2] ). For the definitions of a stratified map-germ and a Thom map-germ, see [2] , [7] , [11] . By Thom's second isotopy lemma ( [2] , [7] , [11] ), we see that for any Thom trivial deformation-germ Φ : 0) ) such that the diagram ( * ) in Section 1 commutes, where π :
, we consider the following four conditions.
(i) The map-germ f is topologically equivalent to g.
(ii) There exist a germ of
) such that the following (a) and (b) are satisfied:
is a Thom trivial deformation-germ of f .
(iii) There exist a germ of
, (b) of condition (ii) and the following (c) are satisfied:
) such that (a) of condition (ii) and the following (d) are satisfied:
is a transversely Thom trivial deformation-germ of f . 4. The simple systematic method. Let f : (R n , 0) → (R p , 0) be a C ∞ map-germ and Φ : R n × R k , (0, 0) → (R p , 0) be a C r deformation-germ of f , where 0 ≤ r ≤ ∞. Suppose that there exists a C r A-morphism from Φ to f . By the definition of a C r A-morphism, there exist C r map-germs h : R n × R k , (0, 0) → R n × R k , (0, 0) , H : R p × R k , (0, 0) → R p × R k , (0, 0) and ϕ : (R k , 0) → (R k , 0) such that the following (4.1) and (4.2) hold (for the definition of C r A-morphism, see [17] ).
(4.1) For any representatives h of h and H of H, there exist neighborhoods U of the origin in R n , V of the origin in R k and W of the origin in R p such that the restrictions h| U ×{λ} and H| W ×{λ} are C r diffeomorphisms for any λ ∈ V .
(4.
2) The following diagram commutes, where π : R n × R k , (0, 0) → (R k , 0), π : R p × R k , (0, 0) → (R k , 0), are canonical projections:
